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ON A NEW TYPE pq-CALCULUS
I˙LKER GENC¸TU¨RK
Abstract. In this paper, we introduce a new type of pq-calculus. The pq-
derivative and pq-integration are investigated and various properties of these
concepts are given. The fundamental theorem of pq-calculus and formulas of
pq-integration by part are also presented.
1. Introduction
Classically, the derivative of a function f(x) is defined by
(1.1) f ′(x) = lim
y→x
f(y)− f(x)
y − x
.
In 2002, Kac et al. published a work in which they described two types of
quantum calculus, the q-calculus and h-calculus. The definitions of q-derivative and
h-derivative of f(x) come with, if we do not take limit in derivative of a function f ,
and taking y = qx and y = x+h, respectively. In [5], one can see that more details
about these two types of quantum calculus. Also for further information about a
history of q-calculus, we refer to readers to [4].
In recent years, researchers have shown an increasing interest in q-calculus. A
considerable amount of literature has been published on this subject. These stud-
ies have examined interesting applications in various mathematical areas such as
fractional calculus, discrete function theory, umbral calculus, etc. See [1, 2, 3, 7, 8]
Also, as a special form of q-calculus, pq-calculus have been much attractive. See
[6, 11].
As a similar manner, if we avoid taking limit and also take y = xp, where p is
different from 1, i.e., by considering the following expression
(1.2)
f(xp)− f(x)
xp − x
,
we come across with a new type of quantum calculus, the p-calculus, and also (1.2),
as definition of the p-derivative, is given. The formula (1.2) and some properties
of it are defined and investigated in [9]. In [10], authors bring forward some new
properties of functions in p-calculus.
Accordingly, the objective of the present work paper is to develop notation and
terminology for a new type post quantum calculus, namely the pq-calculus. By
with appropriate choices, all results in this paper can be reduced in [9].
The main finding of this paper can be summarized as follows. In section 2,
pq-derivative is described and given its attributes. In section 3, we present the
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pq-antiderivative, pq-integral and investigated their convergence. In the follow-
ing section, we express definite the pq-integral and improper pq-integral. In the
last section, the fundamental theorem of pq-calculus is proved and formulas of pq-
integration by parts is obtained.
2. pq-derivative
In this section, we introduce pq-differential, pq-derivative and investigated some
of their properties. Throughout this paper, it has been assumed that p and q are a
fixed number different from 1 and domain of function f(x) is [0,∞).
Definition 2.1. The pq-differential of the function f is defined by
(2.1) dpqf(x) = f(x
p)− f(xq).
In particular, dpqx = x
p − xq. By using (2.1), it can be given definition of pq-
derivative of a function .
Definition 2.2. The pq-derivative of the function f is defined by
(2.2) Dpq f(x) =
f(xp)− f(xq)
xp − xq
, x 6= 0, 1,
and
(2.3) Dpq f(0) = lim
x→0+
Dpq f(x),Dpq f(1) = lim
x→1
Dpq f(x).
Definition 2.3. The pq-derivative of higher order of a function f is defined by for
n ∈ N
(2.4)
(
Dpq
0 f
)
(x) = f(x), (Dpq
n f) (x) = Dpq
(
Dpq
n−1 f
)
(x)
Example 1. Let f(x) = c, g(x) = xn and h(x) = ln(x) where c is a constant and
n ∈ N. Then we obtain
• Dpq f(x) = 0,
•
Dpq g(x) =
g(xp)− g(xq)
xp − xq
=
xpn − xqn
xp − xq
=
x(p−1)n − x(q−1)n
xp−1 − xq−1
xn−1,
•
Dpq h(x) =
h(xp)− h(xq)
xp − xq
=
(p− q) ln(x)
xp − xq
=
(p− q) ln(x)
xp−1 − xq−1
1
x
.
Also we note that pq-derivative of a function is a linear operator. More precisely,
Dpq has the property that for any constants a and b and arbitrary functions f(x)
and g(x),
(2.5) Dpq(af(x) + bg(x)) = aDpq f(x) + bDpq g(x)
Proposition 2.1. pq-derivative has the following product rules
Dpq (f(x)g(x)) = g(x
p)Dpq f(x) + f(x
q)Dpq g(x)(2.6)
Dpq (f(x)g(x)) = g(x
q)Dpq f(x) + f(x
p)Dpq g(x)(2.7)
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Proof. From definition of the pq-derivative, it can be seen that
Dpq (f(x)g(x)) =
f(xp)g(xp)− f(xq)g(xq)
xp − xq
=
g(xp)[f(xp)− f(xq)] + f(xq)[g(xp)− g(xq)]
xp − xq
= g(xp)Dpq f(x) + f(x
q)Dpq g(x).
This proves (2.6). Similarly, by symmetry, (2.7) can be deduced. 
Proposition 2.2. pq-derivative has the following quotient rules
Dpq
(
f(x)
g(x)
)
=
g(xq)Dpq f(x)− f(x
q)Dpq g(x)
g(xq)g(xp)
(2.8)
Dpq
(
f(x)
g(x)
)
=
g(xp)Dpq f(x)− f(x
p)Dpq g(x)
g(xq)g(xp)
(2.9)
Proof. The proof of these rules can be obtained by using (2.6) and (2.7) with
functions f(x)
g(x) and g(x). 
3. pq-integral
In this section, we formalize the notion of pq-integral. From now on, it can be
assumed that 0 < q < p < 1.
Definition 3.1. The function F (x) is a pq-antiderivative of f(x) if Dpq F (x) =
f(x). It is donated by
(3.1)
∫
f(x)dpqx.
Here, we discuss how to construct pq-integral which gives us pq-antiderivative
F (x) of an arbitrary function f(x), i.e. Dpq F (x) = f(x). For this, we need two
operators which are M˜p, M˜q defined by M˜pf(x) := f(x
p), M˜qf(x) := f(x
q). From
the definition of pq-derivative, by using operators M˜p, M˜q, we have
(3.2) Dpq F (x) =
1
xp − xq
(
M˜p − M˜q
)
F (x) = f(x),
then by using geometric series expansion, we have
F (x) =
1(
M˜p − M˜q
) ((xp − xq)f(x))
=
1
M˜p
(
1−
M˜q
M˜p
)((xp − xq)f(x))
=
∞∑
j=0
(
M˜p
−j−1
M˜
j
q
)
((xp − xq)f(x))
=
∞∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
f
(
xq
jp−j−1
)
.(3.3)
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Definition 3.2. The pq-integral of f(x) is defined with serial expansion
(3.4)
∫
f(x)dpqx =
∞∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
f
(
xq
jp−j−1
)
.
From this definition, it can be obtained a more general formula:
∫
f(x)Dpq g(x)dpqx =
∞∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
f
(
xq
jp−j−1
)
Dpq g
(
xq
jp−j−1
)
=
∞∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
f
(
xq
jp−j−1
) g ((xqjp−j−1)p)− g ((xqjp−j−1)q)(
xq
jp−j − xqj+1p−j−1
)
=
∞∑
j=0
f
(
xq
jp−j−1
)(
g
(
xq
jp−j
)
− g
(
xq
j+1p−j−1
))
or otherwise stated
(3.5)
∫
f(x)dpqg(x) =
∞∑
j=0
f
(
xq
jp−j−1
)(
g
(
xq
jp−j
)
− g
(
xq
j+1p−j−1
))
.
It is noted that (3.4) is formal because the series does not always converges. The
following theorem gives a sufficient condition for under what conditions it really
converges to a pq-antiderivative.
Theorem 3.1. If |f(x)xα| is bounded on the interval (0, A] for some 0 ≤ α < 1, at
that point the pq-integral (3.4) converges to a function H(x) on (0, A], which is a
pq-antiderivative of f(x). In addition, H(x) is continuous at x = 1 with H(1) = 0.
Proof. For the correctness of the theorem, we deal with following two cases.
Case 1. Let x ∈ (1, A] be. By assuming that |f(x)xα| < M on (1, A], it can be
obtain for 0 ≤ j, ∣∣∣f (xqjp−j−1)∣∣∣ < M (xqjp−j−1)−α < M.
Thus for any 1 < x ≤ A, we have∣∣∣(xqjp−j − xqj+1p−j−1) f (xqjp−j−1)∣∣∣ ≤ (xqjp−j − xqj+1p−j−1)M.
Since 1− α > 0 and 0 < q < p < 1,
∞∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
M = M(x− 1),
it can be seen that the series, by a comparison test, pq-integral converges to a
function F (x). By (3.3), it shows directly that F (1) = 0.
For 1 < x ≤ A,
|F (x)| =
∣∣∣∣∣∣
∞∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
f
(
xq
jp−j−1
)∣∣∣∣∣∣ ≤M(x− 1)
which tends to 0 when x → 1+. Since F (1) = 0, thereby F is right continuous at
x = 1.
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To verify that F (x) is a pq-antiderivative of f(x), we pq-differentiate it:
Dpq F (x) =
F (xp)− F (xq)
xp − xq
=
∞∑
j=0
(
xq
jp1−j − xp
−jqj+1
)
f
(
xq
jp−j
)
−
∞∑
j=0
(
xq
j+1p−j − xp
−j−1qj+2
)
f
(
xq
j+1p−j−1
)
xp − xq
=
∞∑
j=0
(
xq
jp1−j − xp
−jqj+1
)
f
(
xq
jp−j
)
−
∞∑
j=1
(
xq
jp−j+1 − xp
−jqj+1
)
f
(
xq
jp−j
)
xp − xq
= f(x).
Case 2. Let x ∈ (0, 1) be. By assuming |f(x)xα| < M on (0, 1), it can be
obtained for 0 ≤ j, ∣∣∣f (xqjp−j−1)∣∣∣ < M (xqjp−j−1)−α ≤Mx−α.
Hence for any 0 < x < 1, we have∣∣∣(xqjp−j − xqj+1p−j−1) f (xqjp−j−1)∣∣∣ ≤ (xqj+1p−j−1 − xqjp−j)Mx−α.
Since 1− α > 0 and 0 < q < p < 1,
∞∑
j=0
(
xq
j+1p−j−1 − xq
jp−j
)
Mx−α = Mx−α(1− x),
hence, by comparison test pq-integral converges to a function G(x) and by (3.3) it
shows directly that G(1) = 0. Similar to proof Case 1, it can be seen that G is left
continuous at x = 1 and is also pq-antiderivative of f(x).
By bringing together above two cases, it is now possible to define a new function
H(x) by
H(x) = G(x)χ(0,1)(x) + F (x)χ(1,A](x)
where χI is characteristic function on an interval I.
As can be easily seen from function H(x), pq-integral converges to H(x) on (0, A]
and it is also worth noting that H(x) is pq-antiderivative of f(x) on (0, 1) ∪ (1, A]
and is continuous at x = 1 with H(1) = 0.
If f(x) continuous at x = 1, then DpqH(1) = lim
x→1
H(x) = f(1) and we conclude
that H(x) is pq-antiderivative of f(x) on (0, A], which proves the theorem. 
Remark 3.1. It has been demonstrated that if it satisfies the assumptions of Theo-
rem 3.1, then the pq-integral gives the unique pq-antiderivative which is continuous
at x = 1, up to a constant. In contrast, if we know that F (x) is a pq-antiderivative
of f(x) and F (x) is continuous at x = 1, F (x) must be given, up to a constant, by
aid of (3.4), since a partial sum of the pq-integral is
N∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
f
(
xq
jp−j−1
)
=
N∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
Dpq F (t)|t=xqjp−j−1
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=
N∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)F
(
xq
jp−j
)
− F
(
xq
j+1p−j−1
)
(
xq
jp−j − xqj+1p−j−1
)

=
N∑
j=0
(
F
(
xq
jp−j
)
− F
(
xq
j+1p−j−1
))
= F (x) − F
(
xq
N+1p−N−1
)
which tends to F (x) − F (1) as N tends to ∞, by the continuity of F (1) at x = 1.
In this theorem, boundedness of the function can not be removed. In fact, let
f(x) =
1
xp − xq
be. By using definition of pq-integral, one can get
∞∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
f
(
xq
jp−j−1
)
=
∞∑
j=0
(
xq
jp−j − xq
j+1p−j−1
) 1(
xq
jp−j − xqj+1p−j−1
) =∞
The formula fails because f(x)xα is not bounded for any 0 ≤ α < 1 on (0, 1)∪(1, A].
4. The definite pq-integral
In this section, we are defining the definite pq-integral, by using formula (3.4).
As in proof of the Theorem 3.1, we examine the following three cases, to gain our
aim:
Case 1. Let 1 < a < b and function f is defined on interval (1, b].
Definition 4.1. The definite pq-integral of f(x) on interval (1, b] is given by
(4.1)
b∫
1
f(x)dpqx = lim
N→∞
N∑
j=0
(
bq
jp−j − bq
j+1p−j−1
)
f
(
bq
jp−j−1
)
and
(4.2)
b∫
a
f(x)dpqx =
b∫
1
f(x)dpqx−
a∫
1
f(x)dpqx.
Example 2. Let b = 4 and f(x) = c where c is constant.
4∫
1
cdpqx = lim
N→∞
N∑
j=0
(
4q
jp−j − 4q
j+1p−j−1
)
f
(
4q
jp−j−1
)
= c lim
N→∞
[(
4− 4qp
−1
)
+
(
4qp
−1
− 4q
2p−2
)
+ . . .+
(
4q
Np−N − 4q
N+1p−N−1
)]
= c lim
N→∞
[
4− 4q
N+1p−N−1
]
= c(4− 1) = 3c,
and if a = 3,
4∫
3
cdpqx =
4∫
1
cdpqx−
3∫
1
cdpqx = 3c− 2c = c.
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Example 3. Let b = 3 and f(x) =
ln(x)
xp − xq
.
3∫
1
f(x)dpqx =
∞∑
j=0
(
3q
jp−j − 3q
j+1p−j−1
) ln(3qjp−j )
3qjp−j − 3qj+1p−j−1
=
∞∑
j=0
qjp−j ln 3 =
p ln 3
p− q
Case 2. Let 0 < a < b < 1 and function f is defined on [b, 1).
Definition 4.2. The definite pq-integral of f(x) on interval [b, 1) is given by
1∫
b
f(x)dpqx = lim
N→∞
N∑
j=0
(
bq
j+1p−j−1 − bq
jp−j
)
f
(
bq
jp−j−1
)
=
∞∑
j=0
(
bq
j+1p−j−1 − bq
jp−j
)
f
(
bq
jp−j−1
)
(4.3)
Example 4. Let b = 13 and f(x) = c where c is constant.
1∫
1
3
cdpqx = lim
N→∞
N∑
j=0
((
1
3
)qj+1p−j−1
−
(
1
3
)qjp−j)
c
= c lim
N→∞
[((
1
3
)qp−1
−
1
3
)
+
((
1
3
)q2p−2
−
(
1
3
)qp−1)
+ . . .
. . .+
((
1
3
)qN+1p−N−1
−
(
1
3
)qNp−N)]
= c lim
N→∞
[
−
(
1
3
)
+
(
1
3
)qN+1p−N−1]
= c
(
−
1
3
+ 1
)
) =
2c
3
.
Remark 4.1. The definite pq-integrals (4.1) and (4.2) are also denoted by
b∫
1
f(x)dpqx = I
+
pq f(b),(4.4)
1∫
b
f(x)dpqx = I
–
pq f(b).(4.5)
Case 3. Let 0 < a < b < 1 and function f is defined on (0, b].
Definition 4.3. The definite pq-integral of f(x) on interval (0, b] is given by
Ipq f(b) =
b∫
0
f(x)dpqx
= lim
N→∞
N∑
j=0
(
bq
−jpj − bq
−j−1pj+1
)
f
(
bq
−jpj+1
)
=
∞∑
j=0
(
bq
−jpj − bq
−j−1pj+1
)
f
(
bq
−jpj+1
)
(4.6)
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and
(4.7)
b∫
a
f(x)dpqx =
b∫
0
f(x)dpqx−
a∫
0
f(x)dpqx.
Example 5. Let a = 14 , b =
1
2 and f(x) = c where c is constant.
1
2∫
0
cdpqx = lim
N→∞
N∑
j=0
((
1
2
)q−jpj+1
−
(
1
2
)q−jpj+1)
c
= c lim
N→∞
[(
1
2
−
(
1
2
)q−1p1)
+
((
1
2
)q−1p1
−
(
1
2
)q−2p2)
+
. . .+
((
1
2
)q−NpN
−
(
1
2
)q−N−1pN+1)]
= c lim
N→∞
[(
1
2
)
+
(
1
2
)q−N−1pN+1]
=
c
2
.
As a similar way,
1
4∫
0
cdpqx =
c
4
,
thus we have
1
2∫
1
4
cdpqx =
1
2∫
0
cdpqx−
1
4∫
0
cdpqx =
c
4
Definition 4.4. Let 0 ≤ a < 1 < b be. The definite pq-integral of f(x) is given by
b∫
a
f(x)dpqx =
1∫
a
f(x)dpqx+
b∫
1
f(x)dpqx.(4.8)
Corollary 4.1. Definitions of pq-integrals and (3.5) imply a more general formula:
i.) If b > 1 then
b∫
1
f(x)dpqg(x) =
∞∑
j=0
f
(
bq
jp−j−1
)(
g
(
bq
jp−j
)
− g
(
bq
j+1p−j−1
))
.
ii.) If 0 < b < 1 then
b∫
0
f(x)dpqg(x) =
∞∑
j=0
f
(
bq
−jpj+1
)(
g
(
bq
−jpj
)
− g
(
bq
−j−1pj+1
))
.
Definition 4.5. The pq-integral of higher order of function f is given by(
I0pq f
)
(x) = f(x),
(
Inpq f
)
(x) = Ipq
(
In-1pq f
)
(x), n ∈ N.
ON A NEW TYPE pq-CALCULUS 9
5. Improper pq-integral
In this section, we need to take a look at the improper pq-integral of f(x) and
sufficient condition for its convergence.
Let 0 < q < p < 1, thus
(
q
p
)
−1
> 1 and set b =
(
q
p
)
−1
. For any j ∈
0,±1,±2, . . ., we have b
qj
pj > 1, b
qj+1
pj+1 < b
qj
pj and thus according (4.2), we first
examine integral
bq
jp−j∫
bq
j+1p−j−1
f(x)dpqx =
bq
jp−j∫
1
f(x)dpqx−
bq
j+1p−j−1∫
1
f(x)dpqx
=
∞∑
k=0
((
bq
jp−j
)qkp−k
−
(
bq
jp−j
)qk+1p−k−1)
f
((
bq
jp−j
)qkp−k−1)
−
∞∑
k=0
((
bq
j+1p−j−1
)qkp−k
−
(
bq
j+1p−j−1
)qk+1p−k−1)
f
((
bq
j+1p−j−1
)qkp−k−1)
=
∞∑
k=0
(
bq
j+kp−j−k − bq
j+k+1p−j−k−1
)
f
(
bq
j+kp−j−k−1
)
−
∞∑
k=0
(
bq
j+k+1p−j−k−1 − bq
j+k+2p−j−k−2
)
f
(
bq
j+k+1p−j−k−2
)
,
and thus, implies that
bq
jp−j∫
bq
j+1p−j−1
f(x)dpqx =
(
bq
jp−j − bq
j+1p−j−1
)
f
(
bq
jp−j−1
)
.
Definition 5.1. Let 0 < q < p < 1 and set b =
(
q
p
)
−1
. The improper pq-integral
of f(x) on [1,∞) is given by
∞∫
1
f(x)dpqx =
∞∑
j=−∞
bq
jp−j∫
bq
j+1p−j−1
f(x)dpqx
=
∞∑
j=−∞
(
bq
jp−j − bq
j+1p−j−1
)
f
(
bq
jp−j−1
)
=
∞∑
j=0
(
bq
jp−j − bq
j+1p−j−1
)
f
(
bq
jp−j−1
)
+
∞∑
j=1
(
bq
−jpj − bq
−j−1pj+1
)
f
(
bq
−jpj+1
)
.(5.1)
Definition 5.2. If 0 < q < p < 1, then for any j ∈ 0,±1,±2, . . ., we observe
pq
jp−j ∈ (0, 1), pq
jp−j < pq
j+1p−j−1 and
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1∫
0
f(x)dpqx =
∞∑
j=−∞
(
pq
j+1p−j−1 − pq
jp−j
)
f
(
pq
−jpj+1
)
.
Because, on account of (4.7)
pq
j+1p−j−1∫
pq
jp−j
f(x)dpqx =
pq
j+1p−j−1∫
0
f(x)dpqx −
pq
j p−j∫
0
f(x)dpqx
=
(
pq
j+1p−j−1 − pq
jp−j
)
f
(
pq
−jpj+1
)
It follows that,
1∫
0
f(x)dpqx =
∞∑
j=−∞
pq
j+1p−j−1∫
pq
jp−j
f(x)dpqx
=
∞∑
j=−∞
(
pq
j+1p−j−1 − pq
jp−j
)
f
(
pq
−jpj+1
)
.
Definition 5.3. If 0 < q < p < 1 then the improper pq-integral of f(x) on [0,∞)
is given by
∞∫
0
f(x)dpqx =
1∫
0
f(x)dpqx+
∞∫
1
f(x)dpqx.
Definition 5.4. If 0 < q < p < 1 then the improper pq-integral of f(x) on [a,∞)
is given as follows:
i.) If 0 < a < 1 then
∞∫
a
f(x)dpqx =
1∫
a
f(x)dpqx+
∞∫
1
f(x)dpqx.
ii.) If a > 1 then
∞∫
a
f(x)dpqx = lim
N→∞
N∑
j=1
aq
−jpj∫
aq
−j+1p
j
−1
f(x)dpqx.
Now, we wish to investigate about convergence of the improper pq-integral.
Proposition 5.1. The improper pq-integral of f(x) defined above converges on
[1,∞) if f satisfies that for 0 < r <∞
|f(x)| < min
{
rx
α
, |xp
−1
− xq
−1
|−1(lnx)2α
}
,
in neighborhood of x = 1 with some 0 ≤ α < 1 and for sufficiently large x with
some −ε ≤ α < 0 where ε is a small positive number.
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Proof. Consider b =
(
q
p
)
−1
. On account of Definition 5.1, the proof falls naturally
into two parts:
∞∫
1
f(x)dpqx =
∞∑
j=0
(
bq
jp−j − bq
j+1p−j−1
)
f
(
bq
jp−j−1
)
+
∞∑
j=1
(
bq
−jpj − bq
−j−1pj+1
)
f
(
bq
−jpj+1
)
.
Under the conditions stated above and also by Theorem 3.1, the convergence
of the first sum is proved. For the second sum, assume that for large x, we have
|f(x)| < |xp
−1
− xq
−1
|−1(ln x)2α where −ε ≤ α < 0. Then, for sufficiently large j
we get
∣∣∣f (bq−jpj+1)∣∣∣ < (bq−jpj − bq−j−1pj+1)−1 (ln bq−jpj+1)2α .
Hence
∣∣∣(bq−jpj − bq−j−1pj+1) f (bq−jpj+1)∣∣∣ ≤ (bq−jpj − bq−j−1pj+1)(bq−jpj − bq−j−1pj+1)−1 (ln bq−jpj+1)2α
=
(
ln bq
−jpj+1
)2α
= (ln b)
2α (
p2α
)j+1 (
q−2α
)j
Therefore, the second sum is also majorized by a convergent geometric series, and
thus converges. 
6. Fundamental Theorem of pq-Calculus
In this section, we give the fundamental theorem of pq-calculus which explains
relation between pq-derivative and pq-integral. This relation will be proved once
we prove some lemmas below.
Lemma 6.1. Assume that x > 1 . Then Dpq I
+
pq f(x) = f(x), and also I
+
pqDpq f(x) =
f(x)− f(1) holds if function f is continuous at x = 1.
Proof. Since by definitions of pq-derivative and pq-integral, we get
I+pq f(x) =
x∫
1
f(s)dpqs =
∞∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
f
(
xq
jp−j−1
)
.
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Hence,
Dpq I
+
pq f(x) =
I+pq f(x
p)− I+pq f(x
q)
xp − xq
=
∞∑
j=0
(
xq
jp−j+1 − xq
j+1p−j
)
f
(
xq
jp−j
)
−
∞∑
j=0
(
xq
j+1p−j − xq
j+2p−j−1
)
f
(
xq
j+1p−j−1
)
xp − xq
=
[
(xp − xq)f(x) + (xq − xq
2p−1)f(xqp
−1
) + (xq
2p−1 − xq
3p−2)f(xq
2p−2) + . . .
]
xp − xq
−
[
(xq − xq
2p−1)f(xqp
−1
) + (xq
2p−1 − xq
3p−2)f(xq
2p−2) + . . .
]
xp − xq
=
(xp − xq)f(x)
xp − xq
= f(x).
Also,
I+pqDpq f(x) = lim
N→∞
N∑
j=0
(
xq
jp−j − xq
j+1p−j−1
)
Dpq f
(
xq
jp−j−1
)
= lim
N→∞
N∑
j=0
(
xq
jp−j − xq
j+1p−j−1
) f(xqjp−j )− f(xqj+1p−j−1)
xq
jp−j − xqj+1p−j−1
= lim
N→∞
N∑
j=0
[
f(xq
jp−j )− f(xq
j+1p−j−1)
]
= lim
N→∞
[
f(x)− f(xqp
−1
) + f(xqp
−1
)− f(xq
2p−2) + . . .+ f(xq
Np−N )− f(xq
N+1p−N−1)
]
= lim
N→∞
[
f(x)− f(xq
N+1p−N−1)
]
= f(x)− f(1).
We noted that the last equality holds because of continuity of f at x = 1

By a similar argument, the following lemmas can be easily obtained.
Lemma 6.2. Assume that x ∈ (0, 1). In this case Dpq I
–
pq f(x) = −f(x), and also
I–pqDpq f(x) = f(1)− f(x) holds if function f is continuous at x = 1.
Lemma 6.3. Assume that x ∈ (0, 1) . In this case Ipq is defined by
Ipq f(x) =
x∫
0
f(s)dpqs,
then Dpq Ipq f(x) = f(x), and also IpqDpq f(x) = f(x) − f(0). holds if function f
is continuous at x = 0.
The following theorem is a reformulation of the fundamental theorem of ordinary
calculus, for pq-calculus.
ON A NEW TYPE pq-CALCULUS 13
Theorem 6.1. If function F (x) is an antiderivative of f(x) and F (x) is continuous
at x = 0 and x = 1, then for every 0 ≤ a < b ≤ ∞, one can obtain
(6.1)
b∫
a
f(x)dpqx = F (b)− F (a).
Proof. The proof falls naturally into three cases:
Case 1. Assume that a, b are finite and 1 < a < b. By assumptions, we have
Dpq F (x) = f(x). By Lemma 6.1, we obtain
F (x) − F (1) = I+pq f(x) =
x∫
1
f(s)dpqs,
which yields
a∫
1
f(s)dpqs = F (a)− F (1) and
b∫
1
f(s)dpqs = F (b)− F (1).
By (4.2), thus we deduce that
b∫
a
f(x)dpqx = F (b)− F (a).
Case 2. Assume that 0 < a < b < 1. By assumptions and Lemma 6.3, we have
F (x) − F (0) = Ipq f(x) =
x∫
0
f(s)dpqs,
which yields
a∫
0
f(s)dpqs = F (a)− F (0),
b∫
0
f(s)dpqs = F (b)− F (0).
By (4.7), thus we deduce that
b∫
a
f(x)dpqx = F (b)− F (a).
Case 3. Assume that b is finite and 0 < a < 1 < b. On account of Definition
4.4 and also by Lemma 6.2, it can be deduced that
1∫
a
f(x)dpqx = I
–
pq f(a) = I
–
pqDpq f(a) = F (1)− F (a).
Similarly,
b∫
1
f(x)dpqx = I
+
pq f(b) = I
+
pqDpq f(b) = F (b)− F (1).
Thus, we conclude finally that
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b∫
a
f(x)dpqx = F (b)− F (a).

Remark 6.1. Assuming that a > 1 and setting b = +∞, by the Definition 5.4, we
have
∞∫
a
f(x)dpqx = lim
N→∞
N∑
j=1
aq
−jpj∫
aq
−j+1pj−1
f(x)dpqx
= lim
N→∞
N∑
j=1
(
F (aq
−jpj )− F (aq
−j+1pj−1 )
)
= lim
N→∞
(
F (aq
−NpN )− F (a)
)
,
and if lim
x→∞
F (x) exists then for b = +∞ (6.1) holds, too.
Corollary 6.1. If f(x) is continuous at x = 0 and x = 1, then we obtain
b∫
a
Dpq f(x)dpqx = f(b)− f(a).
Corollary 6.2. If f(x) and g(x) are continuous at x = 0 and x = 1, then we
deduce the following formulas, which are the formulas of pq-integration by parts.
b∫
a
f(xq)dpqg(x) = f(b)g(b)− f(a)g(a)−
b∫
a
g(xp)dpqf(x),(6.2)
b∫
a
f(xp)dpqg(x) = f(b)g(b)− f(a)g(a)−
b∫
a
g(xq)dpqf(x)(6.3)
Proof. By using the product rule (2.6), we see that
b∫
a
Dpq(fg)(x)dpqx =
b∫
a
(g(xp)Dpq f(x) + f(x
q)Dpq g(x)) dpqx
By previous corollary, it yields
f(b)g(b)− f(a)g(a) =
b∫
a
f(xq)Dpq g(x)dpqx+
b∫
a
g(xp)Dpq f(x)dpqx.
Since Dpq g(x)dpqx = dpqg(x), it gives (6.2). Similarly, by using the product rule
(2.7), one can get (6.3).

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